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Abstract
A graph is called integral if all eigenvalues of its adjacency matrix are integers. In this paper, we investigate integral complete
r-partite graphsKp1,p2,...,pr =Ka1·p1,a2·p2,...,as ·ps with s=3, 4.We can construct inﬁnite many new classes of such integral graphs
by solving some certain Diophantine equations. These results are different from those in the existing literature. For s = 4, we give a
positive answer to a question of Wang et al. [Integral complete r-partite graphs, Discrete Math. 283 (2004) 231–241]. The problem
of the existence of integral complete multipartite graphs Ka1·p1,a2·p2,...,as ·ps with arbitrarily large number s remains open.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We shall consider only simple undirected graphs (i.e. undirected graphs without loops or multiple edges). For a graph
G, let V (G) denote the vertex set and E(G) the edge set. The characteristic polynomial |xI − A| of the adjacency
matrix A (or A(G)) of G is called the characteristic polynomial of G and denoted by P(G, x). The spectrum of A(G)
is also called the spectrum of G.
The notion of integral graphs was ﬁrst introduced by Harary and Schwenk in 1974 [6]. A graph G is called integral if
all eigenvalues of the characteristic polynomial P(G, x) are integers. In general, the problem of characterizing integral
graphs seems to be difﬁcult. Thus it makes sense to restrict our investigations to some interesting families of graphs,
for instance, cubic graphs [3,11], complete multipartite graphs [9,12], graphs with three eigenvalues [8], graphs with
maximum degree 4 [2], etc. Other results on integral graphs can be found in [1,4,5,7]. For all other facts on graph
spectra (or terminology), see [4,5].
A complete r-partite graph Kp1,p2,...,pr is a graph with a set V = V1 ∪ V2 ∪ · · · ∪ Vr of p1 + p2 + · · · + pr(=n)
vertices, where Vi’s are nonempty disjoint sets, |Vi | = pi for 1 ir , such that two vertices in V are adjacent if and
only if they belong to different Vi’s. Assume that the number of distinct integers of p1, p2, . . . , pr is s. Without loss
of generality, assume that the ﬁrst s ones are the distinct integers such that p1 <p2 < · · ·<ps . Suppose that ai is the
multiplicity ofpi for each i=1, 2, . . . , s. The complete r-partite graphKp1,p2,...,pr = Kp1,...,p1,...,ps ,...,ps is also denoted
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by Ka1·p1,a2·p2,...,as ·ps , where r =
∑s
i=1ai and |V | = n =
∑s
i=1aipi . An inﬁnite family of integral complete tripartite
graphs was ﬁrst constructed in [9]. The authors of [2] thought that the general problem on integral complete multipartite
graphs seems to be intractable. In [12], the authors give a sufﬁcient and necessary condition for complete multipartite
graphsKa1·p1,a2·p2,...,as ·ps to be integral. But they have not found such integral graphs with s4. In this paper, we
investigate integral complete r-partite graphs Kp1,p2,...,pr =Ka1·p1,a2·p2,...,as ·ps with s = 3, 4. We can construct inﬁnite
many new classes of such integral graphs by solving some certain Diophantine equations. These results are different
from those in the existing literature. We give a positive answer to Question 4.1 of [12] for s = 4. The problem of the
existence of integral complete multipartite graphs Ka1·p1,a2·p2,...,as ·ps with arbitrarily large number s remains open.
2. Preliminaries
Firstly, we shall state some known results on integral complete multipartite graphs.
Theorem 1 (Wang et al. [12]). The complete r-partite graph Kp1,p2,...,pr = Ka1·p1,a2·p2,...,as ·ps is integral if and only
if all solutions of the equation
a1p1
x + p1 +
a2p2
x + p2 + · · · +
asps
x + ps = 1 (1)
are integers. Moreover, there exist integers u1, u2, . . . , us satisfying
−ps <us < − ps−1 <us−1 < · · ·< − p2 <u2 < − p1 <u1 < + ∞ (2)




u1 + p1 +
a2p2
u1 + p2 + · · · +
asps
u1 + ps = 1,
...
... · · · ...
a1p1
us + p1 +
a2p2
us + p2 + · · · +
asps
us + ps = 1
(3)
has positive integral solutions (a1, a2, . . . , as).
Theorem 2 (Wang et al. [12]). The complete r-partite graphKp1,p2,...,pr =Ka1·p1,a2·p2,...,as ·ps on n vertices is integral if
and only if there exist integersui and positive integerspi (i=1, 2, . . . , s) such that−ps <us <−ps−1 <us−1 < · · ·<−






i=1,i =k(pk − pi)
(k = 1, 2, . . . , s) (4)
are positive integers.
Corollary 3 (Wang et al. [12]). If the complete r-partite graph Kp1,p2,...,pr = Ka1·p1,a2·p2,...,as ·ps is integral, then we
have the following results:
(1) ak > 0 for k = 1, 2, . . . , s, and u1 > 0.
(2) ∑si=1ui =
∑s
i=1(ai − 1)pi .
Theorem 4 (Wang et al. [12]). For any positive integer q, the complete r-partite graphKa1·p1q,a2·p2q,...,as ·psq is integral
if and only if the complete r-partite graph Kp1,p2,...,pr = Ka1·p1,a2·p2,...,as ·ps is integral.
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Remark 5. Theorem 4 shows that it is reasonable to study Eq. (1) only when (p1, p2, . . . , ps) = 1. Let us call such a
vector primitive. So, in general, the primitive vectors are the only ones which are of interest.
Secondly, we shall give a fact on number theory.
Lemma 6 (Rosen [10]). Let a, b and c be integers with d = (a, b); we have:
(1) If dc, then the linear Diophantine equation in two variables
ax + by = c (5)
does not have integral solutions.
(2) If d|c, then there are inﬁnite many integral solutions for Eq. (5). Moreover, if x=x0, y=y0 is a particular solution
of Eq. (5), then all its solutions are given by
x = x0 + (b/d)t, y = y0 − (a/d)t ,
where t is an integer.
3. Integral complete multipartite graphs
In this section,we shall construct inﬁnitemanynewclasses of integral completemultipartite graphsKa1·p1,a2·p2,...,as ·ps
with s = 3, 4, different from those of [4,5,9,12].
The idea of constructing such integral graph is as follows: ﬁrst, we properly choose positive integers p1, p2, . . . , ps .
Then, we try to ﬁnd proper negative integers ui (i=2, . . . , s) satisfying (2) such that there are positive integral solutions
(a1, a2, . . . , as) for the linear equation system (3) (or such that all ak’s of (4) are positive integers). Finally, we obtain
positive integers a1, a2, . . . , as such that all the solutions of Eq. (1) are integers. Thus, we have constructed many new
classes of integral graphs Ka1·p1,a2·p2,...,as ·ps .
Theorem 7. For s = 3, integers pi (> 0), ai (> 0), ui (i = 1, 2, 3) are given in Table 1. ai and ui (i = 1, 2, 3) are
those of Theorem 2. Then for any positive integer q the graph Ka1·p1q,a2·p2q,a3·p3q is integral. (Table 1 is obtained by
computer search, where 1p110, p1 + 1p2p1 + 5, p2 + 1p3p2 + 5, 1a120, 1a215, 1a310,
−p2 + 1u2 − p1 − 1, −p3 + 1u3 − p2 − 1.)
Table 1
Integral graphs Ka1·p1q,a2 ·p2q,a3·p3q , where q is a positive integer
p1 p2 p3 a1 a2 a3 u1 u2 u3 p1 p2 p3 a1 a2 a3 u1 u2 u3
1 3 8 6 1 3 27 −2 −4 1 5 7 15 2 2 35 −3 −6
[12]1 5 9 6 1 1 15 −3 −7 2 4 9 14 5 6 96 −3 −6
2 5 9 11 8 2 75 −3 −8 2 6 9 6 5 2 54 −3 −8
2 6 11 13 8 8 154 −3 −8 3 7 11 10 3 3 77 −5 −9
3 7 12 19 5 7 168 −5 −9 4 7 12 4 1 1 28 −6 −10
4 9 12 3 1 2 36 −6 −10 5 8 12 9 8 7 184 −6 −10
[12]5 8 12 1 1 1 16 −6 −10 5 9 12 5 4 7 135 −6 −10
6 9 14 11 3 3 126 −8 −12 6 9 14 13 14 8 306 −7 −12
6 10 13 19 9 5 260 −8 −12 6 11 14 4 4 7 154 −7 −12
6 11 14 8 3 6 154 −8 −12 6 11 14 12 2 5 154 −9 −12
6 11 14 16 1 4 154 −10 −12 7 11 16 6 9 5 209 −8 −14
9 11 16 13 10 3 264 −10 −15 9 13 18 7 1 3 117 −12 −15
9 14 18 6 1 4 126 −12 −15 10 13 17 11 3 5 221 −12 −15
10 13 18 8 2 5 182 −12 −15 / / / / / / / / /
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Proof. From Theorem 2, we know that the complete multipartite graph Ka1·p1,a2·p2,...,as ·ps is integral if and only if






i=1,i =k(pk − pi)
(k = 1, 2, . . . , s) (6)
are positive integers.








i=1(ai − 1)pi . Hence,
when s = 3, it is sufﬁcient to ﬁnd only all positive integers pi , ai (i = 1, 2, 3), u1 and negative integers uj (j = 2, 3)
for the following equations:
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
a1 = (p1 − (u2 + u3) + (a1 − 1)p1 + (a2 − 1)p2 + (a3 − 1)p3)(p1 + u2)(p1 + u3)
p1(p1 − p2)(p1 − p3) ,
a2 = (p2 − (u2 + u3) + (a1 − 1)p1 + (a2 − 1)p2 + (a3 − 1)p3)(p2 + u2)(p2 + u3)
p2(p2 − p1)(p2 − p3) ,
a3 = (p3 − (u2 + u3) + (a1 − 1)p1 + (a2 − 1)p2 + (a3 − 1)p3)(p3 + u2)(p3 + u3)
p3(p3 − p1)(p3 − p2) .
(7)
By using a computer search, we have found 329 integral solutions for Eq. (7), where 1p110, p1+1p2p1+10,
p2 + 1p3p2 + 10, 1a140, 1a220, 1a315, −p2 + 1u2 − p1 − 1, −p3 + 1u3 − p2 − 1.
Table 1 is obtained by computer search, where 1p110, p1 + 1p2p1 + 5, p2 + 1p3p2 + 5, 1a120,
1a215, 1a310, −p2 + 1u2 − p1 − 1, −p3 + 1u3 − p2 − 1.
By Theorem 4, it is not difﬁcult to prove that these graphs Ka1·p1q,a2·p2q,a3·p3q are integral for any positive
integer q. 
From Theorems 2, 4 and 7, the following theorem can be obtained.
Theorem 8. For s=3, integers pi (> 0), ai (> 0), ui (i=1, 2, 3) are given in Table 2,where t is a nonnegative integer,
ai and ui (i =1, 2, 3) are those of Theorem 2. Then for any positive integer q the graph Ka1·p1q,a2·p2q,a3·p3q is integral.
Proof. For s = 3, by Theorem 7, we ﬁnd p1 = 1, p2 = 3, p3 = 8, u2 = −2, u3 = −4. By Theorem 2, we get
a1 = (p1 + u1)(p1 + u2)(p1 + u3)
p1(p1 − p2)(p1 − p3) =
3
14
(u1 + 1), (8)
a2 = (p2 + u1)(p2 + u2)(p2 + u3)
p2(p2 − p1)(p2 − p3) =
1
30
(u1 + 3), (9)
a3 = (p3 + u1)(p3 + u2)(p3 + u3)
p3(p3 − p1)(p3 − p2) =
3
35
(u1 + 8). (10)
So, Ka1·p1,a2·p2,a3·p3 is integral if and only if a1, a2, a3 are positive integers.
From (8) and (9), we get the Diophantine equation
45a2 − 7a1 = 3. (11)
A result in elementary number theory yields that all positive integral solutions of Eq. (11) are given by a1 = 45t + 6,
a2 = 7t + 1, where t is a nonnegative integer. From (9) and (10), we have u1 = 210t + 27, a3 = 18t + 3.
Hence, when p1 = 1, p2 = 3, p3 = 8, a1 = 45t + 6, a2 = 7t + 1, a3 = 18t + 3, where t is a nonnegative integer, then
the graph Ka1·p1,a2·p2,a3·p3 is integral. By Theorem 4, it is easy to prove that the graph Ka1·p1q,a2·p2q,a3·p3q is integral
for any positive integer q.
Similarly, it is not difﬁcult to prove that the other graphs Ka1·p1q,a2·p2q,a3·p3q in Table 2 are also integral for any
positive integer q.
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Table 2
Integral graphs Ka1·p1q,a2 ·p2q,a3·p3q , where q(1) and t (0) are integers
p1 p2 p3 a1 a2 a3 u1 u2 u3
1 3 8 45t + 6 7t + 1 18t + 3 210t + 27 −2 −4
1 5 7 175t + 15 21t + 2 18t + 2 420t + 35 −3 −6
1 5 9 45t + 6 6t + 1 5t + 1 120t + 15 −3 −7
2 4 9 20t + 14 7t + 5 8t + 6 140t + 96 −3 −6
2 5 9 30t + 11 21t + 8 5t + 2 210t + 75 −3 −8
2 6 9 27t + 6 21t + 5 8t + 2 252t + 54 −3 −8
2 6 11 55t + 13 33t + 8 32t + 8 660t + 154 −3 −8
3 7 11 77t + 10 22t + 3 21t + 3 616t + 77 −5 −9
3 7 12 140t + 19 36t + 5 49t + 7 1260t + 168 −5 −9
4 7 12 35t + 4 8t + 1 7t + 1 280t + 28 −6 −10
4 9 12 27t + 3 8t + 1 15t + 2 360t + 36 −6 −10
5 8 12 8t + 1 7t + 1 6t + 1 168t + 16 −6 −10
5 8 12 8t + 9 7t + 8 6t + 7 168t + 184 −6 −10
5 9 12 9t + 5 7t + 4 12t + 7 252t + 135 −6 −10
6 9 14 105t + 11 28t + 3 27t + 3 1260t + 126 −8 −12
6 9 14 15t + 13 16t + 14 9t + 8 360t + 306 −7 −12
6 10 13 195t + 19 91t + 9 50t + 5 2730t + 260 −8 −12
6 11 14 33t + 4 32t + 4 55t + 7 1320t + 154 −7 −12
6 11 14 77t + 8 28t + 3 55t + 6 1540t + 154 −8 −12
6 11 14 693t + 12 112t + 2 275t + 5 9240t + 154 −9 −12
6 11 14 231t + 16 14t + 1 55t + 4 2310t + 154 −10 −12
7 11 16 55t + 6 81t + 9 44t + 5 1980t + 209 −8 −14
9 11 16 440t + 13 336t + 10 99t + 3 9240t + 264 −10 −15
9 13 18 65t + 7 9t + 1 26t + 3 1170t + 117 −12 −15
9 14 18 56t + 6 9t + 1 35t + 4 1260t + 126 −12 −15
10 13 17 442t + 11 119t + 3 195t + 5 9282t + 221 −12 −15
10 13 18 65t + 8 16t + 2 39t + 5 1560t + 182 −12 −15
Table 3
Integral complete tripartite graphs Kp1q,p2q,p3q , where q is a positive integer
p1 p2 p3 u1 u2 u3 p1 p2 p3 u1 u2 u3
3 17 65 39 −5 −34 4 13 48 32 −6 −26
5 8 12 16 −6 −10 5 12 77 40 −7 −33
6 34 130 78 −10 −68 7 13 45 35 −9 −26
8 26 96 64 −12 −52 9 25 91 63 −13 −50
10 16 24 32 −12 −20 12 17 56 48 −14 −34
12 25 88 66 −16 −50 13 24 28 42 −16 −26
14 26 90 70 −18 −52 15 24 36 48 −18 −30
15 37 133 95 −21 −74 16 37 132 96 −22 −74
17 33 35 55 −21 −34 20 32 48 64 −24 −40
21 39 135 105 −27 −78 24 34 112 96 −28 −68
24 41 140 112 −30 −82 25 40 60 80 −30 −50
26 48 56 84 −32 −52 29 36 80 90 −32 −58
29 39 77 91 −33 −58 30 48 72 96 −36 −60
34 66 70 110 −42 −68 35 56 84 112 −42 −70
37 63 85 119 −45 −74 39 72 84 126 −48 −78
40 64 96 128 −48 −80 41 60 104 130 −48 −82
45 72 108 144 −54 −90 50 80 120 160 −60 −100
Lemma 9 (Wang et al. [12]). For s = 3, let pi (i = 1, 2, 3) be positive integers in Table 3, a1 = a2 = a3 = 1, and ui
(i = 1, 2, 3) be those of Theorem 2. Then for any positive integer q the graph Ka1·p1q,a2·p2q,a3·p3q is integral. (Table 3
is obtained by computer search, where s = 3, a1 = a2 = a3 = 1, and p1 <p2 <p3, 1p150, p1 + 1p2p1 + 50,
and p2 + 1p3p2 + 100.)
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Table 4
Integral graphs Ka1·p1q,a2 ·p2q,a3·p3q , where q(1) and t (0) are integers
p1 p2 p3 a1 a2 a3 u1 u2 u3
3 17 65 52t + 1 39t + 1 21t + 1 2184t + 39 −5 −34
4 13 48 20t + 1 16t + 1 9t + 1 720t + 32 −6 −26
5 8 12 8t + 1 7t + 1 6t + 1 168t + 16 −6 −10
5 12 77 52t + 1 45t + 1 20t + 1 2340t + 40 −7 −33
7 13 45 40t + 1 35t + 1 21t + 1 1680t + 35 −9 −26
9 25 91 77t + 1 63t + 1 36t + 1 5544t + 63 −13 −50
12 17 56 26t + 1 24t + 1 15t + 1 1560t + 48 −14 −34
12 25 88 77t + 1 66t + 1 39t + 1 6006t + 66 −16 −50
13 24 28 42t + 1 35t + 1 33t + 1 2310t + 42 −16 −26
15 37 133 114t + 1 95t + 1 55t + 1 12540t + 95 −21 −74
16 37 132 57t + 1 48t + 1 28t + 1 6384t + 96 −22 −74
17 33 35 55t + 1 45t + 1 44t + 1 3960t + 55 −21 −34
24 41 140 63t + 1 56t + 1 34t + 1 8568t + 112 −30 −82
29 36 80 90t + 1 85t + 1 63t + 1 10710t + 90 −32 −58
29 39 77 91t + 1 84t + 1 65t + 1 10920t + 91 −33 −58
37 63 85 119t + 1 102t + 1 91t + 1 18564t + 119 −45 −74
41 60 104 130t + 1 117t + 1 95t + 1 22230t + 130 −48 −82
Theorem 10. For s = 3, integers pi (> 0), ai (> 0), ui (i = 1, 2, 3) are given in Table 4, where (p1, p2, p3) = 1, and
ui (i = 1, 2, 3) are those of Theorem 2. Then for any positive integer q the graph Ka1·p1q,a2·p2q,a3·p3q is integral.
Proof. For s = 3, by Lemma 9, we ﬁnd p1 = 3, p2 = 17, p3 = 65, u2 = −5, u3 = −34. By Theorem 2, we get
a1 = 142 (u1 + 3), (12)
a2 = 156 (u1 + 17), (13)
a3 = 1104 (u1 + 65). (14)
So, Ka1·p1,a2·p2,a3·p3 is integral if and only if a1, a2, a3 are positive integers.
From (12) and (13), we get the Diophantine equation
4a2 − 3a1 = 1. (15)
A result in elementary number theory yields that all positive integral solutions of Eq. (15) are given by a1 = 4t1 + 1,
a2 = 3t1 + 1, where t1 is a nonnegative integer. From (13) and (14), we have u1 = 168t1 + 39, a3 = 2113 t1 + 1. Since
a3 must be a positive integer, we get t1 = 13t , where t is a nonnegative integer. Hence, a1 = 52t + 1, a2 = 39t + 1,
a3 = 21t + 1, u1 = 2184t + 39, where t is a nonnegative integer.
So, when p1 = 3, p2 = 17, p3 = 65, a1 = 52t + 1, a2 = 39t + 1, a3 = 21t + 1, where t is a nonnegative integer, then
the graph Ka1·p1,a2·p2,a3·p3 is integral. By Theorem 4, it is easy to prove that the graph Ka1·p1q,a2·p2q,a3·p3q is integral
for any positive integer q.
Similarly, by Lemma 9, it is not difﬁcult to prove that the other graphs Ka1·p1q,a2·p2q,a3·p3q with (p1, p2, p3) = 1 in
Table 4 are also integral for any positive integer q. 
Note that the following numbering of pi’s in Lemmas 11, 13 and Theorems 12, 14 may not coincide with the one
ﬁxed before.
Lemma 11 (Wang et al. [12]). For s=3, let a1 =a2 =a3 =1, p1 = 2b(2b−a)d , p2 = 2a(2a+b)d , p3 = a
2+b2
d
, u1 = 2b(b+2a)d ,
u2 = − 2a(2b−a)d , u3 = − 2(a
2+b2)
d
, where m = a
b
∈ Q, (a, b) = 1, a > 0, b> 0,
√
5−1
2 = 0.618 . . . <m(= ab )< 2,
d = (2b(2b − a), 2a(2a + b), a2 + b2) (note that d ∈ {1, 2, 5, 10}). Then for any positive integer q the graph
Ka1·p1q,a2·p2q,a3·p3q = Kp1q,p2q,p3q is integral.
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Theorem 12. For s = 3, p1 = 2b(2b−a)d , p2 = 2a(2a+b)d , p3 = a
2+b2
d














∈ Q, (a, b)=1,
a > 0, b> 0,
√
5−1
2 = 0.618 . . . <m(= ab )< 2, d = (2b(2b − a), 2a(2a + b), a2 + b2) (note that d ∈ {1, 2, 5, 10}),
and d0 = ((a + b)(2a + b), b(a + 3b), 2(a2 + ab − b2), 2b(2a + b)). Then for any positive integer q the graph
Ka1·p1q,a2·p2q,a3·p3q is integral.
Proof. For s = 3, by Lemma 11, we ﬁnd p1 = 2b(2b−a)d , p2 = 2a(2a+b)d , p3 = a
2+b2
d




where m = a
b
∈ Q, (a, b) = 1, a > 0, b> 0,
√
5−1
2 <m(= ab )< 2, d = (2b(2b − a), 2a(2a + b), a2 + b2) (note that
d ∈ {1, 2, 5, 10}). From Theorem 2, we have that
a1 = u1d + 4b
2 − 2ab
2b(a + 3b) , (16)
a2 = u1d + 4a
2 + 2ab
2(a + b)(2a + b) , (17)
a3 = u1d + a
2 + b2
(a + b)(a + 3b) . (18)
So,Ka1·p1,a2·p2,a3·p3 is integral if and only if a1, a2, a3 are positive integers. From (16) and (17), we get the Diophantine
equation
(a + b)(2a + b)a2 − b(a + 3b)a1 = 2(a2 + ab − b2). (19)
Assume that d1 = ((a + b)(2a + b), b(a + 3b), 2(a2 + ab − b2)). Since (a + b)(2a + b) · 1 − b(a + 3b) · 1 =
2(a2 + ab − b2), by elementary number theory knowledge and Lemma 6, then all positive integral solutions of Eq.
(19) are given by a1 = (a+b)(2a+b)d1 t1 + 1, a2 =
b(a+3b)
d1
t1 + 1, where t1 is a nonnegative integer. By (16) and (18), we
get u1 = 2b(a+b)(2a+b)(a+3b)d1d t1 +
2b(b+2a)
d




where d0 = (d1, 2b(2a + b)), and t is a nonnegative integer.
Hence, when a1 = (a+b)(2a+b)d0 t + 1, a2 =
b(a+3b)
d0
t + 1, p1 = 2b(2b−a)d , p2 = 2a(2a+b)d , p3 = a
2+b2
d





, where d = (2b(2b − a), 2a(2a + b), a2 + b2), d0 = ((a + b)(2a + b), b(a +
3b), 2(a2 + ab − b2), 2b(2a + b)), and t is a nonnegative integer, then the graph Ka1·p1,a2·p2,a3·p3 is integral. By
Theorem 4, it is not difﬁcult to prove that the graph Ka1·p1q,a2·p2q,a3·p3q is integral for any positive integer q. 
Lemma 13 (Roitman [9], Wang et al. [12]). For s = 3, let a1 = a2 = a3 = 1, p1 = 4u2(u2 + v2)3, p2 = 3u2v2(u2 +
6uv + v2)(−u2 + 6uv − v2), p3 = 4v2(u2 + v2)3, u1 = 24u2v2(u2 + v2)2, u2 = −2uv(u2 + v2)2(−u2 + 6uv − v2),
u3 = −2uv(u2 + v2)2(u2 + 6uv + v2), where u, v are positive integers such that (3 −
√
8)v <u<v. Then for any
positive integer q the graph Ka1·p1q,a2·p2q,a3·p3q = Kp1q,p2q,p3q is integral.
Theorem 14. For s = 3, p1 = 4u2(u2 + v2)3, p2 = 3u2v2(u2 + 6uv + v2)(−u2 + 6uv − v2), p3 = 4v2(u2 + v2)3,
a1= 3v2(7u2+v2)d0 t+1, a2=
4(u2+v2)2
d0




u2 = −2uv(u2 + v2)2(−u2 + 6uv − v2), u3 = −2uv(u2 + v2)2(u2 + 6uv + v2), where d0 = (4(u2 + v2)2, 3v2(7u2 +
v2), (2u2 + 3uv − v2)(2u2 − 3uv − v2), 3u2(u2 + 7v2)), and u, v are positive integers such that (3 − √8)v <u<v,
t is a nonnegative integer. Then for any positive integer q the graph Ka1·p1q,a2·p2q,a3·p3q is integral.
Proof. For s = 3, by Lemma 13, we ﬁnd p1 = 4u2(u2 + v2)3, p2 = 3u2v2(u2 + 6uv + v2)(−u2 + 6uv − v2),
p3 = 4v2(u2 + v2)3, u2 = −2uv(u2 + v2)2(−u2 + 6uv − v2), u3 = −2uv(u2 + v2)2(u2 + 6uv + v2), where u, v are
positive integers such that (3 − √8)v <u<v. From Theorem 2, we have
a1 = u1 + 4u
2(u2 + v2)3
4u2(u2 + v2)2(u2 + 7v2) , (20)
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a2 = u1 + 3u
2v2(u2 + 6uv + v2)(−u2 + 6uv − v2)
3u2v2(7u2 + v2)(u2 + 7v2) , (21)
a3 = u1 + 4v
2(u2 + v2)3
4v2(u2 + v2)2(7u2 + v2) . (22)
So,Ka1·p1,a2·p2,a3·p3 is integral if and only if a1, a2 , a3 are positive integers. From (20) and (21), we get the Diophantine
equation
4(u2 + v2)2a1 − 3v2(7u2 + v2)a2 = (2u2 + 3uv − v2)(2u2 − 3uv − v2). (23)
Assume that d1 = (4(u2 + v2)2, 3v2(7u2 + v2), (2u2 + 3uv − v2)(2u2 − 3uv − v2)). Since 4(u2 + v2)2 · 1 −
3v2(7u2 +v2) ·1= (2u2 +3uv−v2)(2u2 −3uv−v2), by elementary number theory knowledge and Lemma 6, then all
positive integral solutions of Eq.(23) are given by a1 = 3v2(7u2+v2)d1 t1 +1, a2 =
4(u2+v2)2
d1
t1 +1, where t1 is a nonnegative




Since a3 must be a positive integer, we get t1 = d1d0 t , where d0 = (d1, 3u2(u2 + 7v2)), and t is a nonnegative integer.
Hence, when a1 = 3v2(7u2+v2)d0 t +1, a2 =
4(u2+v2)2
d0
t +1, a3 = 3u2(u2+7v2)d0 t +1, p1 =4u2(u2 +v2)3, p2 =3u2v2(u2 +
6uv + v2)(−u2 + 6uv − v2), p3 = 4v2(u2 + v2)3, and u1 = 12u2v2(u2+v2)2(7u2+v2)(u2+7v2)d0 t + 24u2v2(u2 + v2)2, where
d0 = (4(u2 + v2)2, 3v2(7u2 + v2), (2u2 + 3uv − v2)(2u2 − 3uv − v2), 3u2(u2 + 7v2)), and t is a nonnegative integer,
then the graph Ka1·p1,a2·p2,a3·p3 is integral. By Theorem 4, it is not difﬁcult to prove that the complete multipartite
graph Ka1·p1q,a2·p2q,a3·p3q is integral for any positive integer q. 
Theorem 15. For s = 4, integers pi (> 0), ai (> 0), ui (i = 1, 2, 3, 4) are given in Table 5, ai and ui (i = 1, 2, 3, 4) be
those of Theorem 2. Then for any positive integer q the graph Ka1·p1q,a2·p2q,a3·p3q,a4·p4q is integral. (Table 5 is obtained
by computer search, where 1p14, p1 +2p2p1 +6, p2 +2p3p2 +15, p3 +2p4p3 +30, 1a140,
1a220, 1a318, 1a415, −p2 + 1u2 −p1 − 1, −p3 + 1u3 −p2 − 1, −p4 + 1u4 −p3 − 1.)
Proof. From Theorem 2, we know that the complete r-partite graph Kp1,p2,...,pr =Ka1·p1,a2·p2,...,as ·ps is integral if and






i=1,i =k(pk − pi)
(k = 1, 2, . . . , s) (24)
are positive integers.








i=1(ai − 1)pi . Hence,
when s=4, it is sufﬁcient to ﬁnd only all positive integers pi , ai (i=1, 2, 3, 4), u1 and negative integers uj (j =2, 3, 4)
for the following equations:
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
a1 = (p1−(u2+u3+u4)+(a1−1)p1+(a2−1)p2+(a3−1)p3+(a4−1)p4)(p1+u2)(p1+u3)(p1+u4)p1(p1−p2)(p1−p3)(p1−p4) ,
a2 = (p2−(u2+u3+u4)+(a1−1)p1+(a2−1)p2+(a3−1)p3+(a4−1)p4)(p2+u2)(p2+u3)(p2+u4)p2(p2−p1)(p2−p3)(p2−p4) ,
a3 = (p3−(u2+u3+u4)+(a1−1)p1+(a2−1)p2+(a3−1)p3+(a4−1)p4)(p3+u2)(p3+u3)(p3+u4)p3(p3−p1)(p3−p2)(p3−p4) ,
a4 = (p4−(u2+u3+u4)+(a1−1)p1+(a2−1)p2+(a3−1)p3+(a4−1)p4)(p4+u2)(p4+u3)(p4+u4)p4(p4−p1)(p4−p2)(p4−p3) .
(25)
By using a computer search, we have found 28 integral solutions for Eq. (25) (see Table 5), where 1p14, p1 +
2p2p1 + 6, p2 + 2p3p2 + 15, p3 + 2p4p3 + 30, 1a140, 1a220, 1a318, 1a415,
−p2 + 1u2 − p1 − 1, −p3 + 1u3 − p2 − 1, −p4 + 1u4 − p3 − 1.
By Theorem 4, it is not difﬁcult to prove that the graph Ka1·p1q,a2·p2q,a3·p3q,a4·p4q is integral for any positive
integer q. 
From Theorems 2, 4 and 15, the following theorem can be obtained.
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Table 5
Integral graphs Ka1·p1q,a2 ·p2q,a3·p3q,a4 ·p4q , where q is a positive integer
p1 p2 p3 p4 a1 a2 a3 a4 u1 u2 u3 u4
1 4 10 26 29 8 6 6 260 −2 −6 −16
1 6 16 30 12 5 2 3 144 −2 −10 −21
1 6 8 28 34 2 2 2 104 −4 −7 −18
1 7 12 15 39 8 3 2 153 −3 −10 −14
1 7 21 39 34 7 4 1 189 −3 −13 −35
2 4 7 15 18 5 9 1 128 −3 −5 −14
2 4 11 27 8 3 2 2 88 −3 −7 −18
2 4 15 23 16 3 3 15 414 −3 −5 −16
2 5 18 23 15 11 1 2 138 −3 −14 −20
2 6 9 21 20 9 13 3 264 −3 −7 −18
2 6 17 45 7 4 4 2 170 −3 −9 −32
2 7 10 24 12 4 3 12 350 −3 −8 −12
2 7 10 24 24 12 18 2 350 −3 −8 −22
2 7 11 20 34 2 4 7 253 −5 −8 −14
2 7 14 34 26 7 6 2 238 −4 −10 −28
2 7 18 27 19 15 5 6 378 −3 −12 −22
2 8 23 35 16 13 3 8 460 −3 −14 −26
3 5 10 16 30 15 8 2 270 −4 −8 −15
3 6 16 28 6 3 4 4 192 −4 −8 −21
3 7 11 32 20 9 16 13 693 −4 −8 −19
3 8 19 44 14 10 6 14 817 −4 −11 −24
4 6 11 25 27 16 3 6 374 −5 −10 −18
4 8 14 30 18 5 9 1 256 −6 −10 −28
4 8 15 24 9 2 1 7 216 −6 −10 −16
4 8 15 24 16 6 3 3 216 −6 −12 −20
4 9 14 32 34 2 5 4 336 −8 −11 −24
4 9 14 36 38 17 8 10 756 −6 −12 −24
4 9 24 51 33 15 8 10 936 −6 −15 −34
Theorem 16. For s = 4, integers pi (> 0), ai (> 0), ui (i = 1, 2, 3, 4) are given in Table 6, where t is a nonnegative
integer, ai and ui (i = 1, 2, 3, 4) are those of Theorem 2. Then for any positive integer q the graph Ka1·p1q,a2·p2q,a3·p3q
is integral.
Proof. For s = 4, by Theorem 15, we ﬁnd p1 = 1, p2 = 4, p3 = 10, p4 = 26, u2 = −2, u3 = −6, u4 = −16. By
Theorem 2, we get
a1 = 19 (u1 + 1), (26)
a2 = 133 (u1 + 4), (27)
a3 = 145 (u1 + 10), (28)
a4 = 3143 (u1 + 26). (29)
So, Ka1·p1,a2·p2,a3·p3,a4·p4 is integral if and only if a1, a2, a3, a4 are positive integers.
From (26), (27) and (28), (29), respectively, we get the Diophantine equations
11a2 − 3a1 = 1 (30)
and
143a4 − 135a3 = 48. (31)
A result in elementary number theory yields that all positive integral solutions of Eqs. (30) and (31) are given,
respectively, by a1 = 11t1 + 29, a2 = 3t1 + 8, u1 = 99t1 + 260, and a3 = 143t + 6, a4 = 135t + 6, u1 = 6435t + 260,
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Table 6
Integral graphs Ka1·p1q,a2 ·p2q,a3·p3q,a4 ·p4q , where q (1) and t (0) are integers
p1 p2 p3 p4 a1 a2 a3 a4 u1 u2 u3 u4
1 4 10 26 715t + 29 195t + 8 143t + 6 135t + 6 6435t + 260 −2 −6 −16
1 6 16 30 576t + 12 232t + 5 87t + 2 120t + 3 6960t + 144 −2 −10 −21
1 6 8 28 2992t + 34 168t + 2 165t + 2 140t + 2 9240t + 104 −4 −7 −18
1 7 12 15 1170t + 39 231t + 8 84t + 3 55t + 2 4620t + 153 −3 −10 −14
1 7 21 39 1428t + 34 285t + 7 152t + 4 35t + 1 7980t + 189 −3 −13 −35
2 4 7 15 1188t + 18 325t + 5 572t + 9 60t + 1 8580t + 128 −3 −5 −14
2 4 11 27 4048t + 8 1485t + 3 920t + 2 792t + 2 45540t + 88 −3 −7 −18
2 4 15 23 4807t + 16 897t + 3 874t + 3 4290t + 15 124982t + 414 −3 −5 −16
2 5 18 23 2691t + 15 1932t + 11 161t + 1 312t + 2 25116t + 138 −3 −14 −20
2 6 9 21 300t + 20 133t + 9 190t + 13 42t + 3 3990t + 264 −3 −7 −18
2 6 17 45 6545t + 7 3655t + 4 3440t + 4 1496t + 2 160820t + 170 −3 −9 −32
2 7 10 24 5355t + 12 1760t + 4 1309t + 3 5040t + 12 157080t + 350 −3 −8 −12
2 7 10 24 1785t + 24 880t + 12 1309t + 18 140t + 2 26180t + 350 −3 −8 −22
2 7 11 20 572t + 34 33t + 2 65t + 4 110t + 7 4290t + 253 −5 −8 −14
2 7 14 34 1547t + 26 408t + 7 340t + 6 105t + 2 14280t + 238 −4 −10 −28
2 7 18 27 2079t + 19 1620t + 15 525t + 5 616t + 6 41580t + 378 −3 −12 −22
2 8 23 35 11040t + 16 8855t + 13 1980t + 3 5152t + 8 318780t + 460 −3 −14 −26
3 5 10 16 550t + 30 273t + 15 143t + 8 35t + 2 5005t + 270 −4 −8 −15
3 6 16 28 264t + 6 130t + 3 165t + 4 156t + 4 8580t + 192 −4 −8 −21
3 7 11 32 19250t + 20 8613t + 9 15225t + 16 12012t + 13 669900t + 693 −4 −8 −19
3 8 19 44 4389t + 14 3116t + 10 1845t + 6 4180t + 14 257070t + 817 −4 −11 −24
4 6 11 25 1045t + 27 616t + 16 114t + 3 220t + 6 14630t + 374 −5 −10 −18
4 8 14 30 1188t + 18 325t + 5 572t + 9 60t + 1 17160t + 256 −6 −10 −28
4 8 15 24 756t + 9 165t + 2 80t + 1 539t + 7 18480t + 216 −6 −10 −16
4 8 15 24 448t + 16 165t + 6 80t + 3 77t + 3 6160t + 216 −6 −12 −20
4 9 14 32 966t + 34 56t + 2 138t + 5 105t + 4 9660t + 336 −8 −11 −24
4 9 14 36 693t + 38 308t + 17 144t + 8 175t + 10 13860t + 756 −6 −12 −24
4 9 24 51 4158t + 33 1880t + 15 987t + 8 1200t + 10 118440t + 936 −6 −15 −34
where t1( − 2) and t (0) are integers. Hence u1 = 99t1 + 260 = 6435t + 260 must be a positive integer. It deduces
that t1 = 65t . So we have
a1 = 715t + 29, a2 = 195t + 8, a3 = 143t + 6, a4 = 135t + 6, u1 = 6435t + 260,
where t is a nonnegative integer.
Hence, when p1 = 1, p2 = 4, p3 = 10,p4 = 26, a1 = 715t + 29, a2 = 195t + 8, a3 = 143t + 6, a4 = 135t + 6, where
t is a nonnegative integer, then the graph Ka1·p1,a2·p2,a3·p3,a4·p4 is integral. By Theorem 4, it is easy to prove that the
graph Ka1·p1q,a2·p2q,a3·p3q,a4·p4q is integral for any positive integer q.
Similarly, it is not difﬁcult to prove that the other graphs Ka1·p1q,a2·p2q,a3·p3q,a4·p4q in Table 6 are also integral for
any positive integer q. 
Acknowledgements
The authors are very grateful to the referees for some detailed comments and suggestions.
References
[1] K.T. Balin´ska, D. Cvetkovic´, Z. Radosavljevic´, S.K. Simic´, D. Stevanovic´, A survey on integral graphs, Univ. Beograd, Publ. Elektrotehn. Fak.
Ser. Mat. 13 (2002) 42–65.
[2] K.T. Balin´ska, S.K. Simic´, The nonregular, bipartite, integral graphs with maximum degree 4. Part I: basic properties, DiscreteMath. 236 (2001)
13–24.
[3] F.C. Bussemaker, D. Cvetkovic´, There are exactly 13 connected cubic integral graphs, Publ. Elektrotech. Fak. Ser. Mat. Fiz. 544 (1976) 43–48.
[4] D. Cvetkovic´, M. Doob, I. Gutman, A. Torgašev, Recent Results in the Theory of Graph Spectra, North-Holland, Amsterdam, 1988.
3870 L. Wang, X. Liu /Discrete Mathematics 308 (2008) 3860–3870
[5] D. Cvetkovic´, M. Doob, H. Sachs, Spectra of Graphs—Theory and Application, Academic Press, New York, Francisco, London, 1980.
[6] F. Harary, A.J. Schwenk, Which graphs have integral spectra?, in: R. Bari, F. Harary (Eds.), Graphs and Combinatorics, Lecture Notes in
Mathematics, vol. 406, Springer, Berlin, 1974, pp. 45–51.
[7] X.L. Li, L.G. Wang, Integral trees—a survey, Chinese J. Eng. Math. 17 (no. suppl.) (2000) 91–93,96.
[8] M. Muzychuk, M. Klin, On graphs with three eigenvalues, Discrete Math. 189 (1998) 191–207.
[9] M. Roitman, An inﬁnite family of integral graphs, Discrete Math. 52 (1984) 313–315.
[10] K.H. Rosen, Elementary Number Theory and Its Applications, Addison-Wesley, London, Amsterdam, 1984 pp. 87–90.
[11] A.J. Schwenk, Exactly thirteen connected cubic graphs have integral spectra, in: Y. Alavi, D.R. Lick (Eds.), Lecture Notes in Mathematics, vol.
642, Springer, Berlin, 1978, pp. 516–533.
[12] L.G. Wang, X.L. Li, C. Hoede, Integral complete r-partite graphs, Discrete Math. 283 (2004) 231–241.
